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Abstract: The paper presents an original method to determine the efficiency of the gear, 

the forces of the gearing, the velocities and the powers. The originality of this method 

relies on the eliminated friction modulus. The first chapters are analyzing the influence of 

a few parameters concerning gear efficiency.  These parameters are:  z1   - the number of 

teeth for the primary wheel of gear; z2   - the number of teeth of the secondary wheel of 

gear; alpha0 - the normal pressure angle on the divided circle; beta - the inclination angle. 

With the relations presented in this paper, it can synthesize the gear’s mechanisms. Today, 

the gears are present everywhere, in the mechanical’s world (In vehicle’s industries, in 

electronics and electro-technique equipments, in energetically industries, etc.). Optimizing 

this mechanism (the gears mechanism), we can improve the functionality of the 

transmissions with gears. At the gear mechanisms an important problem is the interference 

of the teeth. To avoid the interference between teeth, we must know the minimum number 

of teeth of the driving wheel, in function of the pressure angle (normal on the pitch circle, 

alpha0), in function of the tooth inclination angle (beta), and in function transmission ratio 

(i). The last chapter presents an original method to make the geometric synthesis of the 

gear, having in view the minimum number of teeth of the driving wheel. The classical 

methods use many different relations to determine the minimum number of teeth of the 

driving wheel. By this paper we want to give a unitary method to determine the minimum 

number of teeth of the driving wheel 1, to avoid the interference between the teeth of the 

two wheels (of the gear). 
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1. INTRODUCTION 

Gears, broke today in all fields. They 

have the advantage of working with very 

high efficiency. Additionally gears can 

transmit large loads. Regardless of their 

size, gear must be synthesized carefully 

considering the specific conditions. This 

paper tries to present the main conditions 

that must be met for correct synthesis of 

a gear [1-12]. 

In the second paragraph the authors 

present an original method for 

calculating the efficiency of the gear, the 

forces of the gearing, the velocities and 

the powers. 

The originality consists in the way of 

determination of the gear efficiency 

because it hasn’t used the friction forces 

of couple (this new way eliminates the 

classical method). 

It eliminates the necessity of 

determining the friction coefficients by 

different experimental methods as well.  

The efficiency determinates by the 

new method is the same like the classical 

efficiency, namely the mechanical 

efficiency of the gear.  

Precisely one determines the 

dynamics efficiency, but at the gears 

transmissions, the dynamics efficiency is 

the same like the mechanical efficiency; 

this is a greater advantage of the gears 

transmissions [1-12]. 

It shows the forces, speeds, load and 

power, which acting in couple. 

In the third paragraph one presents 

shortly an original method to obtain the 

efficiency of the geared transmissions in 

function of the contact ratio. With the 

presented relations it can make the 

dynamic synthesis of the geared 

transmissions having in view increasing 

the efficiency of gearing mechanisms in 

work [4].  

Optimizing this mechanism (the 

gears mechanism), we can improve the 

functionality of the transmissions with 

gears.  

At the gear mechanisms an important 

problem is the interference of the teeth. 

To avoid the interference between teeth, 

we must know the minimum number of 

teeth of the driving wheel, in function of 

the pressure angle (normal on the pitch 

circle, alpha0), in function of the tooth 

inclination angle (beta), and in function 

transmission ratio (i).  

The last chapter presents an original 

method to make the geometric synthesis 

of the gear, having in view the minimum 

number of teeth of the driving wheel. 

The classical methods use many different 

relations to determine the minimum 

number of teeth of the driving wheel. By 

this paper we want to give a unitary 

method to determine the minimum 

number of teeth of the driving wheel 1, to 

avoid the interference between the teeth 

of the two wheels (of the gear). 

 

2. GEAR DESIGN 

2.1 Determining the momentary 
dynamic (mechanical) 
efficiency, the forces of the 
gearing, and the velocities 

The calculating relations [2, 3], are 

the next (2.1-2.21), (see the Fig. 1):
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with:  mF - the motive force (the driving 

force); 

   F - the transmitted force (the 

useful force); 

  F - the slide force (the lost 

force); 

    1v - the velocity of element 1, or 

the speed of wheel 1 (the driving wheel); 

 2v - the velocity of element 2, or 

the speed of wheel 2 (the driven wheel); 

 12v - the relative speed of the 

wheel 1 in relation with the wheel 2 (this 

is a sliding speed). 
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Fig. 1. The forces and the velocities of 

the gearing 

The consumed power (in this case the 

driving power):  

                  1vFPP mmc               (2.2) 

The useful power (the transmitted 

power from the profile 1 to the profile 2) 

will be written: 

1

2

12 cos   vFvFPP mu      (2.3) 

The lost power will be written: 

     1

2

112 sin   vFvFP m       (2.4) 

The momentary efficiency of couple 

will be calculated directly with the next 

relation: 
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The momentary losing coefficient 

[1], will be written: 
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It can easily see that the sum of the 

momentary efficiency and the 

momentary losing coefficient is 1: 

Now, one can determine the 

geometrical elements of gear. These 

elements will be used in determining the 

couple efficiency, η.   

 

2.2 The geometrical elements of 
the gear 

We can determine the next 

geometrical elements of the external 

gear, [2-3], (for the right teeth, =0): 

The radius of the basic circle of 

wheel 1 (of the driving wheel), (2.7): 

         011 cos
2

1
 zmrb                (2.7)
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The radius of the outside circle of 

wheel 1 (2.8): 
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It determines now the maximum 

pressure angle of the gear (2.9): 

2

cos

)2(
2

1

cos
2

1

cos
1

01

1

01

1

1
1











z

z

zm

zm

r

r

a

b
M






                    (2.9) 

And now one determines the same 

parameters for the wheel 2, the radius of 

basic circle (2.10) and the radius of the 

outside circle (2.11) for the wheel 2: 

        022 cos
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1
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Now it can determine the minimum 

pressure angle of the external gear (2.12, 

2.13): 
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Now we can determine, for the 

external gear, the minimum (2.13) and 

the maximum (2.9) pressure angle for the 

right teeth. For the external gear with 

bended teeth (0) it uses the relations 

(2.14, 2.15 and 2.16): 
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For the internal gear with bended 

teeth (0) it uses the relations (2.14 

with 2.17, 2.18-A, or with 2.19, 2.20-B): 

 

A. When the driving wheel 1, has 

external teeth: 
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B. When the driving wheel 1, have 

internal teeth: 
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2.3 Determining the efficiency 
of the gear 

The efficiency of the gear will be 

calculated through the integration of 

momentary efficiency on all sections of 

gearing movement, namely from the 

minimum pressure angle to the maximum 

pressure angle, the relation (2.21), [2, 3]. 
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2.4 The calculated efficiency of 
the gear 

We shall see now, four tables with 

the calculated efficiency depending on 

the input parameters, and once we 

proceed with the results we will draw 

some conclusions. 

The input parameters are: z1=the 

number of teeth for the driving wheel 1; 

z2=the number of teeth for the driven 

wheel 2, or the ratio of transmission, i 

(i12=-z2/z1); α0=the pressure angle normal 

on the divided circle; β=the bend angle. 

 

Table 1. Determining the efficiency of the 

gear’s right teeth for i12effective= - 4 

 

We begin with the right teeth (the 

toothed gear), with i=-4, once for z1 we 

shall take successively different values, 

rising from 8 teeth. It can see that for 8 

teeth of the driving wheel the standard 

pressure angle, α0=20
0
, is so small to be 

used (it obtains a minimum pressure 

angle, αm, negative and this fact is not 

admitted!).  

In the second table we shall diminish 

(in module) the value for the ratio of 

transmission, i, from 4 to 2. It will see 
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how for a lower value of the number of 

teeth of the wheel 1, the standard 

pressure angle (0=20
0
) is too small and 

it will be necessary to increase it to a 

minimum value. For example, if z1=8, 

the necessary minimum value is 0=29
0
 

for i=-4 (see the table 1) and 0=28
0
 for 

i=-2 (see the table 2). If z1=10, the 

necessary minimum pressure angle is 

0=26
0
 for i=-4 (see the table 1) and 

0=25
0
 for i=-2 (see the table 2). 

Table 2. Determining the efficiency of the 

gear’s right teeth for i12effective= - 2 
 

 

When the number of teeth of the 

wheel 1 increases, it can decrease the 

normal pressure angle, 0. One shall see 

that for z1=90 it can take less for the 

normal pressure angle (for the pressure 

angle of reference), 0=8
0
. In the table 3 

it increases the module of i, value (for the 

ratio of transmission), from 2 to 6. 

 

 

 

 

 

 

 

 

 

 

 

 

Table 3. Determining the efficiency of the 

gear’s right teeth for i12effective= - 6 

 

 
 

In the table 4, the teeth are bended 

(≠0). The module i, take now the value 

2. 

Table 4. The determination of the gear’s 

parameters in bend teeth for   i=-4 

 

 

2.5 Discussion and conclusions 

The efficiency (of the gear) increases 

when the number of teeth for the driving 

wheel 1, z1, increases too and when the 

pressure angle, α0, diminishes; z2 or i12 

are not so much influence about  the 

efficiency value; 

It can easily see that for the value 

α0=20
0
, the efficiency takes roughly the 
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value η≈0.89 for any values of the others 

parameters (this justifies the choice of 

this value, α0=20
0
, for the standard 

pressure angle of reference). 

The better efficiency may be obtained 

only for a α0≠20
0
. 

But the pressure angle of reference, 

α0, can be decreased the same time  the 

number of teeth for the driving wheel 1, 

z1, increases, to increase the gears’ 

efficiency;  

Contrary, when we desire to create a 

gear with a low z1 (for a less gauge), it 

will be necessary to increase the α0 value, 

for maintaining a positive value for αm 

(in this case the gear efficiency will be 

diminished); 

When β increases, the efficiency, η, 

increases too, but the growth is 

insignificant. 

The module of the gear, m, has not 

any influence on the gear’s efficiency 

value. 

 When α0 is diminished it can take a 

higher normal module, for increasing the 

addendum of teeth, but the increase of 

the module m at the same time with the 

increase of the z1 can lead to a greater 

gauge.  

The gears’ efficiency, η, is really a 

function of α0 and z1: η=f(α0,z1); αm and 

αM  are just the intermediate parameters.  

For a good projection of the gear, it’s 

necessary a z1 and a z2 greater than 30-

60; but this condition may increase the 

gauge of mechanism.  

In this chapter it determines 

precisely, the dynamics-efficiency, but at 

the gears transmissions, the dynamics 

efficiency is the same like the 

mechanical efficiency; this is a greater 

advantage of the gears transmissions. 

This advantage, specifically of the gear’s 

mechanisms, may be found at the cam 

mechanisms with plate followers as well.  

3. EFFICIENCY IN RAPPORT 
WITH THE CONTACT RATIO 

In this paragraph one presents shortly 

an original method to obtain the 

efficiency of the geared transmissions in 

function of the contact ratio. With the 

presented relations it can make the 

dynamic synthesis of the geared 

transmissions having in view increasing 

the efficiency of gearing mechanisms in 

work [4].  

 

3.1 Determining of gearing 

efficiency, in function of the 

contact ratio 

The equation (41) is a two degree 

equation in x; One determines directly,  

(42-43) and X1,2 (44), [3]. 

We calculate the efficiency of a 

geared transmission, having in view the 

fact that at one moment there are 

several couples of teeth in contact, and 

not just one.   

The start model has got four pairs of 

teeth in contact (4 couples) 

concomitantly.  

The first couple of teeth in contact 

has the contact point i, defined by the ray  

ri1, and the pressure angle i1; the forces 

which act at this point are: the motor 

force Fmi, perpendicular to the position 

vector ri1 at i and the  force transmitted 

from the wheel 1 to the wheel 2 through 

the point i, Fi, parallel to the path of 

action and with the sense from the wheel 

1 to the wheel 2, the transmitted force 

being practically the projection of the 

motor force on the path of action; the 

defined velocities are similar to the 

forces (having in view the original 

kinematics, or the precise kinematics 

adopted); the same parameters will be 

defined for the next three points of 

contact, j, k, l (Fig. 2). 

For starting we write the relations 

between the velocities (3.1): 
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Fig. 2. Four pairs of teeth in contact 

concomitantly 

 

From relations (3.1), one obtains the 

equality of the tangential velocities (3.2), 

and makes explicit the motor velocities 

(3.3). 
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The forces transmitted concomitantly 

at the four points must be the same (3.4): 
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The motor forces are (3.5): 
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The momentary efficiency can be 

written in the form (3.6).          
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Relations (3.7) and (3.8) are auxiliary 

(relations):
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One keeps relations (3.8), with the 

sign plus (+) for the gearing where the 

driving wheel 1 has external teeth (at the 

external or internal gearing), and with the 

sign (-) for the gearing where the driving 

wheel 1, has internal teeth (when the 

driving wheel is a ring, only for the 

internal gearing). 

The relation of the momentary 

efficiency (3.6) uses the auxiliary 

relations (3.8) and takes the form (3.9). 
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In expression (3.9) one starts with 

relation (3.6) where four pairs are in 

contact concomitantly, but then one 

generalizes the expression, replacing the 

four pairs with E couples, (replacing 4 

with the E variable), which represents the 

whole number of the contact ratio +1, 

and after restricting the sums 

expressions, we replace the variable E 

with the contact ratio 12, as well. 

The mechanical efficiency offers 

more advantages than the momentary 

efficiency, and will be calculated 

approximately, by replacing in relation 

(3.9) the pressure angle α1, with the 

normal pressure angle α0 the relation 

taking the form (3.10); where 12 

represents the contact ratio of the 

gearing, and it will be calculated with 

expression (3.11) for the external 

gearing, and with relation (3.12) for the 

internal gearing. 
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The made calculations have been 

centralized in the table 5. 

 

Table 5. Right teeth, β=0 [deg]. 

 

 

3.2 Determining of gearing 
efficiency, in function of the 
contact ratio, to the bended 
teeth 

Generally we use gearings with teeth 

inclined (with bended teeth). For gears 

with bended teeth, the calculations show 

a decrease in yield when the inclination 

angle increases. For angles with 

inclination which not exceed 25 degree 

the efficiency of gearing is good (see the 

table 6).  

 

 

 

Table 6. Bended teeth, β=25 [deg]. 

 

 

When the inclination angle (β) 

exceeds 25 degrees the gearing will 

suffer a significant drop in yield (see the 

tables 7-8). 

 

Table 7. Bended teeth, β=35 [deg]. 
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Table 8. Bended teeth, β=45 

[deg]. 

 
 

New calculation relationships can be 

put in the forms (3.13-3.15). 
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The calculation relationships (3.13-

3.15) are general. They have the 

advantage that can be used with great 

precision in determining the efficiency of 

any type of gearings.  

To use them at the gearing without 

bended teeth is enough to assign them a 

beta value = zero. The results obtained in 

this case will be identical to the ones of 

the relations 3.10-3.12. 

 

3.3 Discussion and conclusions 

The best efficiency can be obtained 

with the internal gearing when the drive 

wheel 1 is the ring; the minimum 

efficiency will be obtained when the 

drive wheel 1 of the internal gearing has 

external teeth.  

For the external gearing, the best 

efficiency is obtained when the bigger 

wheel is the drive wheel; when we 

decrease the normal angle 0, the 

contact ratio increases and the efficiency 

increases as well.  

The efficiency increases too, when 

the number of teeth of the drive wheel 1 

increases (when z1 increases). 

 

4. AVOID THE INTERFERENCE 

At the gear mechanisms an important 

problem is the interference of the teeth. 

To avoid the interference between teeth, 

we must know the minimum number of 

teeth of the driving wheel, in function of 

the pressure angle (normal on the pitch 

circle, alpha0), in function of the tooth 

inclination angle (beta), and in function 

transmission ratio (i). The chapter 

presents an original method to make the 

geometric synthesis of the gear, having in 

view the minimum number of teeth of the 

driving wheel.   

The classical methods use many 

different relations to determine the 

minimum number of teeth of the driving 

wheel [5-8].  

By this paper we want to give a 

unitary method to determine the 

minimum number of teeth of the driving 

wheel 1, to avoid the interference 

between the teeth of the two wheels (of 

the gear) [7]. 
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The basic condition of interference, is 

the same, but the originality of this new 

presented method consist in the mode in 

which it was solved the classical 

relationship.  

The minimum number of teeth of the 

driving wheel 1, is a function on some 

parameters: the pressure angle (normal 

on the pitch circle, 0), the tooth 

inclination angle (), and the 

transmission ratio (i=|i12|=|-z2/z1|=z2/z1). 

 

4.1 Avoid the phenomenon of 
interference 

In order to avoid interference 

phenomenon, point A must lie between C 

and K1 (the addendum circle of the wheel 

2, Ca2 need to cut the line of action 

between points C and K1, and under no 

circumstances does not exceed the point 

K1). Similarly, Ca1 addendum circle must 

cut the action line between points C and 

K2, resulting point E, which in no 

circumstances, does not exceed the point 

K2.  

The conditions to avoid the 

phenomenon of interference can be 

written with the relations (4.1).  

The basic conditions of interference, 

are the same (CA<K1C; CE<K2C), but 

the originality of this new presented 

method consist in the mode in which it 

was solved the classical relationship (see 

the system 4.1) [7], (see the Fig. 3). 
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Fig. 3 Line of action (t-t’) 
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Relationship which generates 
41z  

always gives lower values than the 

relationship which generates 
21z  so it is 

sufficient the condition (4.2) for finding 

the minimum number of teeth of the
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wheel 1, necessary to avoid interference 

[7].                
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When we have inclined teeth, one 

takes zminzmin/cos, and 00t, and 

the relationship (4.2) takes the form 

(4.3). 

The minimum number of teeth of the 

driving wheel 1, is a function on some 

parameters: the pressure angle (normal 

on the pitch circle, 0), the tooth 

inclination angle (), and the 

transmission ratio (i=|i12|=|-z2/z1|=z2/z1), 

(see the relationship 4.3, and [5], [8]). 
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The system (4.3) is a simple, unitar 

and general relationship which can give 

the solutions of the minimum number of 

teeth of the wheel 1 (the driving wheel), 

to avoid the interference. 

In the following tables (9-23) is 

chosen an alpha0 value (35 [deg]), and 

successively increased beta angle values 

(from 0 [deg] to 40 [deg]) and the 

transmission ratio i (from 1, to 80), and 

one gets the minimum numbers of teeth. 

Then, we will decrease successively the 

value of the angle alpha0 (from 35 [deg] 

to 5 [deg]). See the tables (9-23). 

 

Table 9 0=35 [deg], =0 [deg] 

 

 

 

Table 10 0=35 [deg], =10 [deg] 

 

 

Table 11 0=35 [deg], =20 [deg] 

 

 

Table 12 0=35 [deg], =30 [deg] 
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Table 13 0=35 [deg], =40 [deg] 

 

 

Table 14 0=20 [deg], =0 [deg] 

 

 

 

Table 15 0=20 [deg], =10 [deg] 

 

 

Table 16 0=20 [deg], =20 [deg] 

 

 

Table 17 0=20 [deg], =30 [deg] 

 

 

 

 

Table 18 0=20 [deg], =40 [deg] 

 

 

Table 19 0=5 [deg], =0 [deg] 

 

 

 

 

Table 20 0=5 [deg], =10 [deg] 

 

 

Table 21 0=5 [deg], =20 [deg] 

 

 

Table 22 0=5 [deg], =30 [deg] 
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Table 23 0=5 [deg], =40 [deg] 

 

 

4.2 Discussion and conclusions 

The presented method has the great 

advantage to optimize the number of 

teeth for a gear before to make its 

synthesis. In this mode the constructor 

may elect the minimum number of teeth, 

for an imposed transmission ratio, i.  

      Classical to realize an i=2, the 

constructor can select between 18 or 33 

teeth to the driving wheel 1, which 

means a 36 or 66 teeth for the driven 

wheel 2. With the aid of the presented 

tables, he can make a multiple selection. 

      The engineer can select for the 

driving wheel 1 a number of teeth z1=6, 

with an alpha0=35 [deg], and a beta=0 

[deg]. He may do this not only for a 

transmission ratio i=2, but and for the 

domain from i=1.25 to i=25 (see the table 

9). 

      If he elect alpha0=35 [deg] and 

beta=40 [deg], then he can take a number 

of teeth for the driving wheel 1 of z1=4, 

and can do this for the entire domain 

from i=2 to i=80 (see the table 13). The 

constructor may do this when it is 

necessary a minimum number of teeth, 

but with an efficiency of the gear 

decreasing. 

      Contrary, when we wish a great 

efficiency, one must increase the number 

of teeth and decrease the angles alpha0 

and beta. With an alpha0=5 [deg] and 

beta=0 (table 19), we can take the 

number of teeth at the driving wheel 1, 

from z1=189 (for i=1.25), to z1=262 (for 

i=80).  

      For the known classical alpha0=20 

[deg] and beta=0 [deg], when the ratio i 

vary from 1 to 80, z1 takes the values 

from 13 to 18 (see the table 14). With the 

classical method it was taken only the 

minimum value 18 to the minimum 

number of teeth [7]. 

 

5. CONCLUSIONS 

The presented method manages to 

synthesize (in theory) the best option 

parameters for any desired gear. 

Relationships shown have the great 

advantage of donating optimal solutions 

for any situation you want without the 

need for difficult calculations, 

experimental building, or specialized 

software.  

Comparisons made with specialized 

software (Inventor) showed a precision 

(matching) perfect. Workload and 

procedures could be so much smaller. 

The parallel drawn between the 

software "Autodesk Inventor" and the 

presented calculation  relationships will 

be highlighted in the following paper (as 

handle a large volume), [13]. 

Applied in the automotive industry, 

at the transmission mechanisms, these 

changes may decrease overall fuel 

consumption further, and pollutant 

emissions [15]. 

Gears can be designed to operate 

without noise (see [1], [4-5], [14-15]). 

But, the applications will be 

spectacular in the automatic 

transmissions used in aerospace, in 

robotics and mechatronics. 
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