CINEMATICS OF THE 3R DYAD
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Abstract: This paper presents some original methods to determine the kinematic parameters at the 3R dyad. It is
starting with a trigonometric method, which has the advantage to determine very quickly the positions angles. The
velocities can be determined faster using a way vector, so, for the second (proposed) cinematic method, one uses the
first trigonometric way for the positions determination, and the vector method for the determining of the velocities
and the accelerations. The third proposed method, is a geometric method, which let us to determine some interme-

diate kinematic parameters (of the internal couple C), and then we can determine the main kinematic parameters
(the rotation angles with their derivatives).
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1. Introduction

In this paper it presents three methods able to
determine the kinematic parameters to a 3R dyad
(see the Figure 1).

It is starting with a trigonometric method,
which has the advantage to determine very quickly
the positions angles [1-4].

The velocities can be determined faster using a
way vector, so, for the second (proposed) cinematic
method, one uses the first trigonometric way for the
positions determination, and the vector method for
the determining of the velocities and the accelera-

tions [1], [4].

The third proposed method, is a geometric me-
thod, which let us to determine some intermediate
kinematic parameters (of the internal couple C), and
then we can determine the main kinematic parame-
ters (the rotation angles with their derivatives) [4].

2. A trigonometric method

The kinematic schema of a RRR dyad can be seen
in the Figure 1 [4].

Fig. 1. Kinematic schema of a 3R Dyad

B (xs, ys)

Following cinematic parameters are conside-
red known (input):

XpsVpsXpsYpsXpsVpsXpsVpsXps VesXpsVp

The question is to determine the next cinematic
parameters (output):

PPy =Wy, Py =6,,05,0; =05,0; =&
It determines the angle @, and then the angle

@, in function of the three angles: ¢,B,D , con-
form with the system (1).
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¢, =ptB
(1)
O, =@+D

First, one calculates the variable length 1 be-
tween B and D (system 2) [3-4].

r Z(XD _xB)2 +(yD _yB)2

l:\/(xD _xB)z +(yD _yB)z

The fi angle’s parameters are determined with
the system 3 [4].

Sin(DZyD_yB

[
Xp —Xp
[
_VYp — Vs
Eop=—"—""— 3)

Xp —Xp

cosQ =

@ = sign(sin @) - arccos(cos @) =

= sign(@j : arccos[ all ;xB j

The velocity of the angle fi is writing with the
relationship (4), and the acceleration is determined
with the system (5).

(yD _yB)'COS¢_(xD _XB)'Sin¢’ _

/
:(.).}D_yB)'(xD_xB)l_z(xD_xB)'(yD_yB): )
_ (yD _yB)'(xD _xB)_(xD _xB)'(yD _yB)

(xD _)CB)2 +(yD _)’B)2

¢:

i (i =)+ (i =)+ (7 = 1) = 7)
[

)

(3p = )-cosp— (¥, —¥,)-singp—2-1-¢
/

¢:

Next, we will determine the kinematic para-
meters of the angle fi2 (system 6), and fi3 (system
7), from the triangle BCD [4].
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¢2:¢iB

2 2 2
N Rt

21-1,

4.2 02 — (1P 412 = 12)
sinB=\/ 2 ( 5 3)

211,

cosQ, = cos(qo + B) =

=cos@-cosBFsing-sin B

sing, =sin(p + B)=

=sin@-cos Bxsin B-cos@

@, = sign(sin ¢, ) - arccos(cos @, )
2-1,-1-cosB=01 —1I; +1°

12-l~sinB-B:lz-i-cosB—l-f (6)
B l,-1-cosB—1-1
l,-1-smB

- 1 I -cosB—2-1, ~l'-sinB-B+

b [,-l-sinB

Lk l-cosB-B*—1*—1-1
[,-l-sinB

P, :(biB

P, :(big
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2,72 g2
oep o B0
211,
4.0 02 (1242 =12)
PN e
2-1-1,

CosSQ; = cos((p + D) =

cos@-cos D xsing-sin D

sin @, =sin(p ¥ D) =

=sing@-cos D FsinD-cosp
@, = sign(sin ¢, ) - arccos(cos ¢;)

2-1,-1-cosD=1; -1; +1I’
ly-l-sinD-D=1I,-I-cosD—1-1

be I,-l-cosD—1-1
ly-1-sinD
e I,-1-cosD—2-1, -i-sinD-D+
l;-1-sin D
+—l3 l-cosD-D*—1*—1-1
l;-1-sinD
?s :¢$D
¢ =¢+FD
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Finally, one determines the parameters of
point C (system 8).
Xo=xp+1,-cosp,

Ye =y +1, sing,

X, =Xy =1, -sing, -o,

J”c ZJ)B +12 "COS P, - W,

SR 2 .
Xo=X,—1,-cosp, -w, -1, -sing, -,

. . )
Ve =¥y =1, sing, @, +1,-cosg, &,

3 A combined method

The kinematic schema of a RRR dyad can be seen
in the Figure 1 [2-3].

The velocities can be determined faster using
the vector method, so, to the second (proposed,
combined) method, one uses the first way for the
positions, and the vector method for the determi-
ning of the velocities and the accelerations [1-4].

The most difficult problem at the 3R dyad is
the determining of the positions. To eliminate the
traditional processes, to which we need two times to
rises squared the system equations, we will determine
the positions with the direct relationships (9) [4].

SingDZyD_yB;

[

X, =X
cosgD:—Dl £,

@ = sign(sin @) - arccos(cos @)

2,72 g2
cosB:—l *th 13;
2-1-1,
B = arccos(cos B) )
2 2 2
cosDzl +1; =15 :
2-1-1,

D = arccos(cos D)

®, =(pié
5 :¢$b
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For the determination of velocities and accele-
rations one uses the classical vector method (syste-
ms 10-11) [4].

l,-cos@, +1,-cosp, =x, —x,
{lz -Ssing, +1;-sing; =y, —y,
-1, -sing, -@, =1, -sing, -, =
ZXD_)'CB
l,-cos@, -, +1;-cosp; -, =
=Vp Vs
—1,-sing, -, =1, -sing, -, =
=X, — X |-(cosgy)
l,-cosp, @, +1,-cosp, -w, =
=Vp = Vs |'(Sin¢3)
> o, =
(XD _XB)'COS¢’3 +(J"D _J"B)'Sin%
L 'Sin(¢3 _(pz)
7—12 -sing, -@, =1, -sing, -@, =
=X, — X [-(cosp,)
l,-cos@, -w, +1;-cosp, - @, =
=Vp —Vp|(sing,)
= o, =
_ ().CD _)'CB)'COS(”z +()"D _yB)'Sin(Pz
I -sin(go2 —g03)

(10)

{—lz-singz)z-a)z—l3~sin(p3~a)3:J'CD—)I:B:>
Ly cos@, @, +1;-cosp; @, =y, — Yy
—1,-cosQ, - @; —1,-sing, -&, -
—1,-cosp,-w; —1,-sing, -&, =¥, — ¥,
—1,-sing, -} +1,-cosp, -&, —
—13~sin(03-a)32+13-cos¢)3-53:j}D—j}B
~1,-cosp, @} —1,-sing, -&, —1, -cos @, - ;] —
-1, -sing, - &, =%, - X, \-(cos%)
—1,-sing, -@; +1,-cosp, -&, — 1, -sing, - @; +
Ly-cosgy-ey=3, =V, "(Sin%)
(551)_5‘.3)'005%+(j}1)_j}s)'5in(p3+ (11)

L 'Sin(% _Wz)
n Lo ’COS(% _(02)+13 w}z

I ’Sin(¢73 _¢72)

—1,-cosp,-@; —1,-sing,-&, — 1, -cos @, - ; —
~1,-sing, &, =%, —i, | (cosp, )
—1,-sing, -@; +1,-cosg, -&, -1, -sing, - &} +
+1,-cosp;, -6, =7, —V, \-(sin(pz)
(jél)_XB)'COS(/JZ+(y1)_y8)'5in(p2+

L ~sin((p2 _(px)
+lz-a)22+13-a)32~cos((pz—(p3)

A 'Sin(% *(P3)

=g, =

=g, =
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4. A geometric method

The kinematic schema of 2a RRR dyad can be seen
in the Figure 1.

The third (proposed) method, is a geometric
method, which determine first the kinematic para-
meters of the internal couple (C) and then the rota-
tion angles with their derivatives [1].

We start with the geometric positions (the sys-
tem 12) [4].

{@%f+@hf—@

(x—x,V +(y-yp) =0 "

These equations were deduced geometrically,
by the writing of two equations for a two circles

(X=XC, yzyc).
To solving the system (12), it writing the next
relations (system 13) [4].

{@—&Y+U—MY—@
(c—x,) +(y=»,) =03
(y=ys) =06 -(x—x,)

(12)

X—x, =% 132_()’_)’1))2;
X=x,% lf—(y—yn)zé

x_'xB:(xD_xB)i 12 (y J’D)

(X_XB)2 :(XD _x3)2 +[32 _(y_yD)z]i

i2'(xD _XB)' 132 _(y_yD)2

(c—xy) =y —x,) +5 = (y—y,) £
i2'()CD_)CB)' lf—(y—yp)z
(y_y3)2 :lzz_(xz)_xB):Z _132 +

+(y_yD)2$2'(xD_xB)’ lf_(y_YD)z
Yy +y3_2 YV _lz_(xD_xB)Z_

_l3z+y +yD_2'yD yF
$2'(xD_xB)' 132_(37_)’1:))2
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2-(yp—yy) v+
T R PR Y =
212'()% _xB)' 132 _(y_yD)2

2'(yD _yB):b;

b-y+d=Fa-l; —(y-y,)

b*>-y*+d*+2-b-d-y=

=a’ I -a’-y’—a’-yp+2-a’ -y,
(a2+b2)-y2—2-(a2-yD—b-d)-y—
~la* 13 =a” -y} =d?)=0
ARR)=(a>-y, —b-d) +
+(a2+b2)-(a2-Zf—az-yf)—dz)z
=a'-y; —a* -y, +b*-d*—-b*-d* -
~2-a*-b-d-y,—a*-d’+
+a*-L+a’ b} —a’ by, =
—a -[lf-a (@2 +6*)-(d+b-y, )]

(13)

2 2 2 2 2 g2
C=Xp—Xp+Yy—yp+ils =15

@y, —b-dta-i-(a> +b*)-(d+b-y,)
Y12 2 2 ;
a +b

b c
X2 == V2~
a a

+when C a4 North —when C & South

Ca ey, -b-dta- (@ +b)-(d+b-y,)
a*+b? ’
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To determine the velocities and the accelerations
we derived the equations system (12) and we have ob-
tained the relations (system 14) [4].

2. (x xp ) (=%, )+
2:(v=ys)(=7,)=0
(x xp ) (F =, )+

(y yD) (y yD)

(r=xy )i+ (y-y;) 5=
:(X_XB)'XB +(y_y3)')‘73
(x=xp) x4+ (y=p,) =
:(X_XD)'XD +(y_J’D)')>D

ay, =X—Xg, 4y =Y~ Vg,
b, :(X_XB)°5CB +()")’3)°J>B
dy =X=Xp;, Ay =V~ Vps

bzz('x—xD)'xD—i_(y_yD)'yD (14)

A= =a, ‘a, —a, -a, ;
a, a,
Ax:bl “ =b-a, —b,-ay;
b, a,
a, b
A, = =a, -b,—a, -b;
a, b,
XE)'CCZ%, YEYe = AAy
(x xB) x+(x x))'c'+
+(r=05) y+ (=) 3=
=()C XB) (x_xB)'jéB"‘
(y yB) (y yB) Vs
123

Xx—xp) x4+ (x—x,) ¥+
+(J‘;_).;D)'y+(y_yD).j}=
=(t—xp) %, +(x—x,) ¥, +
+(J>_)>D)')>D+(y_yD)'j}D

{al Xt+a, y=¢

a, -Xx+a, -y=c,
Clz(x_xB)’x.B"'(y_yB)’j}B_
—(@ =, ) = (=35
C2:(X_XD)'XD+(y_yD)'j}D_

, ) (14)
SCRETVE RS

G G
A= =4, G a4y Gy,
¢ a4,
¥=X,=—;
C )
A
a ¢
Aj;,z =a, ‘c,—a, -C;
a, ¢
. Ay
YEVc ="
A

Finally one determines the positions angles
and their derivatives (system 15) [4].

(x.=x,+1,-cosg,
Ve =DVs +1, -sin ¢,
(x, =x.+1,-cos o,
Vb =Ve +1; - sin @,
{xc —Xx, =1,-cosg,

Yo=Yy =1, sing,
{XD —X¢ =13-COSQ;

Yp=Yc =1 -sing,
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{xc — Xy =—1,-sing, - o, | (-sing,)
Ve =Yg =1,-cosg, - ,|(cosp,)
(e = 35)- cos g, = (e
L

— X, )-sin
o, = 5)-sing,

{XD fe =1y -sing, - ;] (~sing,)
Vp = Ve =1 -cos; - ;| -(cos ;)
(p = bc)- cosp, — (i, — %) sing,

— L (15)

. T 2 . .
{xc —X, =—l,cos¢,-w, —1,sinp, -&, | —sin g,
. . )
Yo=Yy =—l,sing, -, +1,cosp, -, | cos g,

(5o = 7,)- cos @, (%0 — %, )-sin @,

= &, =
L

jéD _jé(‘ :—13 COS (5 6(),52 —]3 sin% - &, | —Sin(p3
Vp =V =1 sing, @] +1, cosp, -&, | cos @,
(j}u_j}c)'005¢13—(550—5éc)-sing03

13

=g, =
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Conclusions

The geometrical method presented in the last pa-
ragraph is the most elegant and direct method to de-
termine the positions angles and their derivatives [4].

The relationships presented in this paper allow
and the synthesis of robots (the mechanical systems,
serial, in movement) [4].
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