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Abstract: Moving mechanical systems parallel structures are solid, fast, and accurate. Between parallel
systems it is to be noticed Stewart platforms, as the oldest systems, fast, solid and precise. The work outlines
some few main elements of Stewart platforms. It begins with the geometry platform and structure, and then
one presents the kinematic elements of it, positions, velocities and accelerations. If a structural motto element
consists of two moving elements which translate relative, drive train and especially dynamic it is more
convenient to represent the motto element as a single moving component. One has thus seven moving parts
(the six motto elements or feet to which is added mobile platform 7) and one fixed. The whole work is based
on knowledge of analytic geometry, so we can consider this work as a study of the applied mathematics.
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1. Introduction

Moving mechanical structures are used increasingly in almost all vital sectors of humanity
(CAO et al., 2013). The robots are able to process integrated circuits sizes micro and nano, on
which the man they can be seen even with electron microscopy (GARCIA et al., 2007). Dyeing
parts in toxic environments (TONG; GU; XIE, 2013), working in chemical and radioactive
environments, or at depths and pressures at the bottom of huge oceans, or even cosmic space
conquest and visiting exo-planets, are now possible, and were turned into from the dream in
reality, because mechanical platforms sequential gearbox (PERUMAAL; JAWAHAR, 2013).

Robots were developed and diversified, different aspects, but today, they start to be
directed on two major categories: systems serial and parallel systems (PADULA; PERDEREAU,
2013). Parallel systems are more solid, but more difficult to designed and handled, which serial
systems were those which have developed the most. In medical operations or radioactive
environments is preferred mobile systems parallel to their high accuracy positioning (REDDY;
SHIHABUDHEEN; JACOB, 2012).

2. The structure and geometry of steward system

Figure 1 shows the kinematic diagram of a mobile mechanical parallel system, heving all
12 kinematic couplings (which connect the six motor legs with the two platforms fixed and
mobile) type ball joints (couplers sphere to sphere allowing all rotations possible and do not give
permission to produce any translation), practically couplers third grade (C3). Kinematic engines

couplings (six in number) may be constructed in two versions: C5 or C4.

Fig. 1 Geometry of a Stewart platform
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Couplings sphere in sphere (ball joints) allow rotations in space on all three axes and
stop all translations. They are more difficult to achieve in terms of technology, are more
expensive and generally have shorter life, their wear being quite fast (even if the contact surface
of the sphere is large sphere type). But have the great advantage of a reduced size (mass and low
volume) (see Figure 2). Their life can be extended by optimal design, by careful processing,
through a suitable lubricant, or using special materials.

Ball joints are used in the car industry, especially in the automotive industry.

.
Fig. 2 Ball joints have multiple uses

For a parallel system 12 ball joint (C3), and 6 motor couplings (C5) only the translation
the grade fifth, the mobility of the system (spatial mechanism) is given by the general formula

(1), (for a spatial mechanism family 0):

M, =
—=6-m-5-C,—4-C,-3-C,-2-C,-1.C,
=6-m-5-C,—3-C,=6-13-5.6-3.12=
~78-30-36=12

)

Where m represents the number of the moving parts of the mechanism (system), in this
case where m is equal to 13, because the six legs each consisting of two elements (ie 6 * 2 = 12),
and one of the two platforms (the upper) is also mobile (representing the thirteenth movable
element of the system).

Of the 12 degrees of freedom of the system only 6 are active (they representing the linear
movements of the linear motors).

The other six degrees of freedom are passive (does not indicate the need to use
additional actuators to achieve them). They are basically evidenced by six additional rotational
movements of the six legs, each leg consists of two elements cinematic considered as a solid, may

rotate freely between its two ball joints (by which is connected to the two platforms: based on the
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fixed and movable above), (to follow Figure 3). These additional rotational movements allow the

kinematic movements of the system.

Fig. 3 Additional rotational movement of a leg between the two ball joints

Basically, it is used instead of couplers translation engines (C5) some motor couplers type
cylindrical (C4) which in addition to translational movement, allow and a relative rotation
between the two bars of the motor coupling. Linear actuators are constructed so that each allows
a relative rotation between its two active bars. Motor movement is the linear, but is allowed and
a relative rotation in motto element.

In this situation will disappear the six couplers of grade V (C5), being replaced entirely
with swivels cylindrical grade IV (4), (see Figure 4). The formula of degree of mobility takes the

appearance (2).

M, =
=6:m-5-C;-4.C,~3:C,-2:C,-1.C,=  (»
~6-m-4-C,-3-C,=6-13-4-6-3.12=
~78-24-36=18

Mechanism enhances its mobility, but only six of these degree of mobility are active (they
refer to linear movements imposed by the six actuators). In this case the mechanism has 12 passive

rotational movements (12 passive degree of mobility).

NS

Fig. 4 Two additional rotational movements of a leg: first one is the leg rotation between the two ball
joints; and the second one is the relative rotation between the two elements (cylindrical bars) of the leg
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Both variants presented are functional and have a high dynamic.

Now is frequently used a combined system more rigid (in terms of dynamic) and
economic, in which six of the ball joints (C3) are replaced with six universal joints, that are
couplings of the Class IV (C4). So of the 12 ball joints C3 remain now for the new system to use
half (six ball joint, couplers C3), and the other six will be now of the class IV (type universal
joints) and together with the old cylindrical joints with motors (C4) will achieve now to the

Stewart platform 12 couplers type C4. Mobility will be given now by formula (3).

M, =6-m—5.C,—4-C, ~3-C,~2-C,~1.C, =
—6.m—4.C,~3-C,=6-13—4-12-3.6= @)
_78-48-18=12

The vast majority of parallel platforms type Stewart has today 12 universal joints and 6
cylinder motor couplings, all of them being kinematic couplings of the grade IV (C4).
Disappearing joints C3 and couplings C5 engines and remain only universal joints and couplings

cylinder engines, all of the kinematic class C4 (Fig. 5).

Fig. 5 Modern platform Stewart which uses only (18) couplings grade 4 (C4)

Universal joints can be used constructively in several ways (see Fig. 6).

Fig. 6 Universal joints (their'constructive diversity is high)
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The formula for calculating the mobility is writing now greatly simplified by expression

4.
M, =
6-m-5-C,—4.-C,-3-C,-2-C,-1.C, = @
=6-m-4.C,=6-13-4.18=
~78-72=6

Today, they use various systems of type Stewart (see Fig. 7).

Fig. 7 Various platforms type Stewart

All these platforms achieve high speeds in work with a good dynamics. Their balancing

is simpler and higher. Systems are more robust and more accurate. In Fig. 8 one can see a

Stewart platform with nine legs.

Fig. 8 A Stewart platform with nine legs
Its structural formula is given by relation 5.
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M, =
6-m-5-C.—4-C,-3-C,-2-C,-1.C, =
=6-m-4-C,=6-19-4.27 =
=114-108=6

®)

From the structural formula can be seen that only six legs are engines and the other three
are driven by the mobile platform element (their role being more to increase system stability). Or
all legs are motors and their movements must be well coordinated and synchronized with other
main actuators (Calculation of movement in this system is much more difficult). To have the
mobility of this mechanism 9 instead of 6 as three universal joints must be replaced with three

spherical kinematic couplings (see relation 6).

M, =
6-m-5.C,—4-C,-3-C,—2-C,—-1.C, = ©)
—=6-m-4.C,-3-C,=6-19-4-24-3.3=
=114-96-9=9

Stewart systems can keep their balance during rapid movements loaded with a heavy

load (see Fig. 9).

Fig. 9 A high loaded Stewart platform
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3. Inverse kinematics
Determining positions and displacements

In Fig. 10 one can see a simple theoretical model.

Fig. 10 A simple theoretical model

In figure 11 is determined the position parameters (spatial Cartesian coordinates) for fixed
points A, B, C. For point A is obtained x=r and y = z = 0. For point B using relations (7) and to

determine the coordinates of C are considered system (8).

1

1 Xo =—r-sin30° =——.r
xy=——r B ¢ 2

2

. o _N3 "

ﬁ Ve =1-c0s30 =
Vs =——.p -

) z, =0
2 =0

x

Fig. 11 Determining the fixed shelf

1
XB =—§-r

VJ3
yB=_7'r ™
2z, =0
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X. =—T-sin30° :—%-r

yC:r~cos3O°=§~r (8)

z. =0

For mobile platform DEF (see Figure 12) can write equations (9). Basically were written

distances between the peaks of the triangle DEF (pairwise) Cartesian coordinate space.

F

Fig. 12 Determining the mobile shelf

(XD _XF)Z +(yD - yF)2 +(ZD _ZF)2 =3-R?
(%o _XE)2 +(Yp - YE)2 +(zp _ZE)2 =3-R? ©)
(XE _XF)Z +(yE - yF)2 +(ZE _ZF)2 =3-R’

The process was repeated but this time there were writing distances between mobile

triangle center S, and each vertex of the triangle DEF (eq. system 10).

(%o _Xs)z +(Yp — ys)2 +(2p — Zs)2 =R?
(Xe — Xs)z +(Ye — YS)2 +(ze - Zs)2 =R? (10)

(Xe _Xs)2 +(Ye — ys)2 +(ze _25)2 =R’

Write now DEF plan equation under general form (11), where D is any point of the plan,
S is a particular (central) of the plane and the vector N is the vector perpendicular to the plan,
considered in specifically chosen point S.

The geometrical parameters (scalar) of position (., B, y) of the vector N are known.

The general equation of a plan say that any right line of plan scalar multiplied by the

vector N (perpendicular on the plan) generates the product 0.
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S-N=0 (11)

Will be assigned successive to the point D the values D, E, F, and plan equation (11)

written scalar will receive forms (12).

(Xo =Xs) a+(Yp—VYs) B+(25—25) -y =0
(XE_Xs)‘a+(y5_ys)‘ﬂ+(zE_Zs)‘7:0 (12)
(Xe =Xs) a+(Ye —¥s) B+ (zg —25)-y =0

Scalar parameters xS, yS, zS, a, B, y are known. With systems (12) and (10) can be
determined immediately scalar parameters of a mobile point on the circle, choosing the initial
determination of point D, for example. Must this point be known (positioned) at least through
one of its coordinates. Suppose for example ZD coordinate known (known propensity of mobile
plan by a, B, y, one know where the focus S must be, knowing XS, yS, zS, but must be known
and zD height of a point on the mobile circle).

Determine then the other two scalar coordinates xD and yD. One use the system (13)

formed by the first relation of the system (12) and by the first equation of the system (10).

{(XD_XS)'a"'(yD_ys)'ﬁ:(ZS_ZD).y (13)

(XD_XS)2+(yD _ys)2 = RZ_(ZD _28)2

To solve (13) are introduced notations (14).

X =Xp — Xs
Y=Y¥o—Ys

(14)
9=(ZS_ZD)'7

L* =R? _(ZD - 25)2

From (13) with the annotations (14) obtains the system (15), which is solved sequentially
by relations (16) which leads to an equation grade 2 with unknown y, which solution is given by

the first two relations of the system (17), while the third relation of the system (17) calculates x.

. V=0
{a X+ 8-y )

X2+y2:|_2
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O-p-y o O+ -y -2-0-p-y
X= X° = >
a [04
O+ 2y -2.0-B-y+a? yi=al- L (16)
(@®+ %)y -2-0-B-y—(a® - > -6*)=0
L 0-BENO B+ (aF + ) (0P - 67)
1,2 — 6‘{2+ﬂ2
L 0-Bra-J(@?+p7)- -6 17)
y1,2_ a2+ﬂ2
0-B-y 6
X2 = IB yzf_ﬁ Y12
(04 (04 (04

For proper positioning of the point D is chosen initially negative solution (if it does not
correspond to the positive solution will reelect). This gives scalar parameters of point D (relation

18).

_0-B-a- @+ ) -6

y a2+ﬁ2 yD=y+yS

_3. (18)
XZL ﬂ y:g—é-y Xp = X+ Xg

o o (04

= D(Xp,Yp:2p)

From (12, 10, 9) are selected the equations with that one write the system (19), so as to
have the only unknown the scalar coordinates of the point E, namely: xE, yE, zE.

(Xe =Xs)-a+(Ye —Ys) B+(ze —25) =0
(XE - Xs)2 +(YE - YS)Z +(ZE - Zs)z = R2 (19)

(X = %p)? + (Ve — ¥p)? + (2c —2,)* =3-R?

To solve the system (19) must be linearized. One squares the last two relations system
(19) and subtract the second from the third. Third relationship is obtained in the system (20)
which is arranged at a more convenient form trapped in the system (21) together with the first
relation from the system (19) also ordered correspondingly.
XE+XZ—2-Xg Xg +YE+Yi-2-y -y +22+2.-2-2, -2, =R®

XE+XE =2 Xy Xg +YE+YE =2y Vg +2E +22 2.2, -2, =3-R®

X|23_X§+2'(Xs _XD)'XE+y[2)_y§+2'(ys _yD)'yE+Z[2)_Z§+
+2-(2g —2p) -2, = 2-R?
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2-(Xs = Xp) Xe +2-(Ys = ¥Yp) - Ye +2-(25 — 2p) - Z¢ =
=2-RP+x2+yi+22-xi—-y2-122 (21)

a-Xe+f-Ye+y-Zg=a-Xs+p-Ys+7-1s

From the second relation of the system (21) are explained zE (see expression 22), which
is then introduced into the first relation of the system (21) thereby eliminating zE parameter, and
to give expression (23) linearly with yE in relation of XE, where the coefficients k1, k2, are

determined by the relationships of the system (24).

g @ g

a
ZE:_'XS+;'yS+ZS_;'XE_;'yE (22)

Ve =K +k, - Xc (23)

k1:|:2_R2+X§+y§+Z§_Xé_yé_zé_z.(zs_ZD).a.XS_
Ve
_2'(28_20)'7'ys_2'(25_ZD)'ZS:|:|:2'(ys_yD)_Z'(Zs_ZD)'7/:|

(XD_XS)+(ZS _ZD)'g
Y

k, =

(Vs — Yo) — (25~ 20)- 2
V4

Replace now yE given by the relation (23) in the expression (22) and thus obtains a second
linear relationship between parameters zE and XE (equation 25), whose coefficients k3, k4, are

given by the system (26).

Zo =K, —K, - X (25)
k?):g.xS +£.ys + 2 _ﬁ.kl
(26)
k4:g+ﬁ.k2
yor

Relationships (23) and (25) are included simultaneously into the first relationship of the
system (20) and in this mode one obtains an equation grade 2 in XE (expression 27), which is
allocated to the form (28).

X2 =2 X - Xg + (K + Ky X)) =2y - (K +K, - Xg )+
(kg =Ky Xe)® = 2- 25 (ks =K, Xg) = @7)

2_ 2 2 2
=R =X —Y¥s =75

(1+k22+kf)'xé_2'(xs_kl'k2+kz'YS+k3'k4)'XE+ (28)

+k12_2,k1-ys+k32—2-k3-zs—R2+X§+Y§+Z§=0
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We denote now the coefficients of equation (28) of second degree in XE, with al, bl, c1,
(see relation 29).
a, =1+kZ+kZ
E—gzxs—k1~k2+k2-ys+k3-k4 (9)

C, =kZ—2-K -ys+kZ—=2-Ks -2 —R*+xZ +y2 + 22

Equation (28) takes the simplified form (30) which supports real solutions (31).

3 X —2:b X +¢,=0 (30)
2
L _bxbi-a-g o
ELZ -
&
Choose the appropriate solution (the plus or the minus). Perhaps the solution would be

negative.

One writes all scalar parameters of the point E, by relations (32).

b (gf_a
& & &

Ve =K +K, - X (32)
Z. =k, — K, - X

Now we have to determine Cartesian coordinates (rectangular, scalar) of mobile point F.

From initial systems (12, 10, 9) we can choose to use four relationships (one of 12, one of 10, and
two from 9), relations with that one writes the system (33).

(Xe =Xs)-a+(Ye —Ys) B+(2 —25) 7 =0
(X = %)+ (Ye —¥5)* +(zr —25)* =R?

(X =%p)* + (Ve = ¥p)* + (2 —2,)* =3-R?
(Xe = %)+ (Ve —Ve)* + (20 —2.)°=3-R?

(33)

The squared last two relations of the system (33) as expressions obtained (34) gather
resulting equation (35), which is then arranged conveniently to the final form (36).
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Xe +Xp =2 Xp  Xg + VF + Y5~
~2-Yy Y +2E+25-2-2,-2, =3-R?
(34)

2, 2 2,2
Xe +Xg =2 X - Xe + Ve + Ve —

~2-Ye Ve +2t+22-2-2. -7, =3-R®

Xé_xé+2'(XE_XD)'XF+y|23_yé+
+2’(yE_yD)'yF+Zé_Zé+ (35)
+2-(2z —25)-2- =0

2'(XE_XD)'XF +2'(yE_yD)'yF +
+2:(2e —2p) ¢ = (36)

2 2 2 2 2 2
=Xe ~Xpt+tYe —YptZg —Zp

Repeat all for the couple of equations the second and the third of the system of equations

(33); one obtains the two equations system (37), which added produce the expression (38) that

are arranged conveniently in the expression (39).

Xp +Xg =2 X Xg +YE +Ye —
~2-Yo Ve +22+22-2-2,-2, =R’
(37)

2 2 2 2
Xp +Xp =2:Xp X + Ve +Yp —

—2-yy Yp+2t +25-2-25-2, =3-R?

XIZD_X§+2'(XS_XD)'XF+y|23_y§+
+2-(Ys —Yp)- Ve +25—25 + (38)
+2-(2g—25) 2, =2-R®

2'(XS_XD)'XF +2'(ys_YD)'yF+
+2-(23—2p5) 2. = 39)

_ 2 2 2 2 2 2 2
=2-R°+X§ —Xg +VYs —Yp +25 — 2

It retains the linear system (40) of three equations with three unknowns, where the three

equations are (36), (39) and the first relation of the system (33).

468

ENGEVISTA, V. 18, n. 2, p. 455-491, Dezembro 2016.



ISSN: 1415-7314
ISSN online: 2317-6717

2(XE _XD)XF +2(yE - yD)yF +2(ZE _ZD)ZF =

2 2 2 2 2 2
=Xg—XptYe—YptZg —Zp

Z(Xs _XD)XF +2(ys - yD)yF +2(Zs _ZD)ZF =
=2R*+x2—x2+yi-yi+22-7}

AXe+B-Ye+7 Tg =a-Xs+[-Ys+7 L

The system (40) is written as classical (41).

Ay Xg t a8, Y a5 Z¢ :bl

1 Xp + 8y Vet 2 =b, (41)

Ay Xp T 85, Y + 855 Z¢ :bs

a11=2'(XE _XD);
a, :2'(yE _yD);
a;=2-(2¢ —2p);

2 L2 2 2 .2 2.

b =Xg — X5+ Ye — Yp + 2z — Zp;

ay =2-(Xs —Xp);

azzzz'(YS _yD);

Ay, =2-(25 — 2;);
b,=2-R*+x; —xZ +yZ—y2+22-12%;
Ay =a; ap=p0 au=7;

by=a-Xs+B-Ys+y-Zs

Determinants system (41) is determined by relations (43-46).

&, A, Ay

A3, Q3 Ay (43)
=a;- (azz "Q33 — Ay asz) +

+ay, (8,585 — 8, A55) +

+a;3- (a‘21 ", — 8y a31)

ENGEVISTA, V. 18, n. 2, p. 455-491, Dezembro 2016.
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b, a; as; (44)

= b1 : (azz "853 _azs'asz) +
+8y, (850, =, - a,) +
+a13'(b2 83, —ay, 'bs)

a; by ag (45)

=a,-(b,-a;;—a,;-by) +
+Db, - (ay3-83, — @y - 8g3) +
+a13'(3-21'b3 _bz 'asl)

a; a, b (46)

=a,;-(a,-by—b,-a;,) +
+ay,- (b, a5, —a, b))+
+b1 '(a21'a32 —dy, 'a31)

System solutions are given by relations (47).

Xg = A,
A

Ye =ﬁ (47)
A

oA
A

With the known coordinates of the points D, E, F, imposed by the choice of position of
the DEF plan and point D, one determines then the required length of the legs (see the relations
48).
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=0 = X)2 + (Yo =~ Y)* + (20— 2,
1, = (% = %a)? + (Yo = Ve )2 + (2o — 25)°
1y =\ (Xe = Xg)? + (Ve — Yo )? + (2 — 2,)?
= (e = %0)? + (Ve = Ve )2+ (2e — 20)?
ly =70t = %) + (Ve = Ye) 2+ (20 — 20)
Iy = (X = X)2 + (Ve = Va)2 + (2 —2,)°

(48)

Determining the velocities

One knows: XS’yS’ZS’a"B’y’ZD. Choose the relations (13) writhed here as (49) to

start.

{(XD_XS)'Q"'(YD_YS)'ﬁ:(ZS —25)y

2 2 2 2 (49)
(XD_XS) +(yD_yS) =R _(ZD_ZS)
Relationships (49) derived in function of time give the expressions (50).
(Xp =X ) a+(Xp =X )-a+(Yp —Ys) B+ (Yo _ys)'IB:
:(ZS_ZD)'y+(ZS_ZD)'}} (50)

2'(XD _Xs)'(XD _Xs)+2'(yD _ys)'(YD _YS):
:_2'(20_25)'(20_25)

These are arranged in the form (51). There was thus obtained a linear system of two
equations in two unknowns, identified by (52).

a'XD"':B'yD :a'xs_(XD_Xs)'d"‘ﬂ'YS_

_(yD _ys)'/B"‘(Z‘s _ZD)'7+(ZS _ZD)'7}
(51)

(Xo =Xs) Xp +(Yp = ¥s) Vo = (Xp —Xg) - Xs +
+(YD_ys)'YS _(ZD_ZS)'(ZD_ZS)
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ail'XD‘*'aiz'YD:bl
azl'XD""azz'YD =b2
a,=a; a,=p
A =Xp —Xgy 3 =Yp —VYss
(52)
by =% —(Xp —Xs)-a+B-Ys -

_(YD_ys)',B"‘(zs —25) r+ (25 —25) 7

b, =(Xp =Xs) Xs +(Yp = ¥s)* Vs —
_(ZD_ZS)'(ZD_ZS)

Determinant of the system (51-52) is written in equation (53).

&, A
A= =88y, 8, 8y, =
A Ay

=a'(yD_YS)_ﬂ'(XD_Xs)

(53)

One calculates Aa with the relation (54) and Xp by the expression (55).

b, ay,

Ay = :b1'azz_a12‘b2 (54)
bz ay,

. A,

Xy = Al (55)

One calculates A with the relation (56) and Yo by the expression (57).

a;, b
Ay1 = =ay- bz - bl "y (56)
ay, bz
) A
Yo = Tyl (57)

It is still write system (58), which is derived in function of time and in this mode taking
the form (59).
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(Xe =Xs) a+(Ye —VYs) B+(ze —25)- =0
(XE _Xs)2 +(YE _ys)2 +(ZE _25)2 = R2 (58)
(Xe _XD)2 +(Ye _yD)2 +(z¢ _ZD)2 =3-R’

(Xg =Xg)-a+(Xg =Xs)-a+(Ye —¥s) B+
+(yE_ys)'ﬂ+(ZE_zs)'7+(ZE _Zs)'j/:o
(59)
2'(XE _XS)'(XE_XS)+2'(yE_yS)'(yE_YS)+
+2-(2¢ -25) (2 - 25) =0

2'(XE _XD)'(XE _XD)+2'(yE _yD)'(yE _yD)+
+2:(2¢ —2p)(2e —25) =0

For solving the system (59) is allocated to the form (60), which is a linear system of

three equations with three unknown level one, identified by formulas in the system (61).

a-Xe+f-Ye+y-2g =a-Xs —(Xg —Xs)-a+
+ﬁ'ys_(YE_ys)'ﬂ""?/'zs_(zE_zs)'?}

. . R 60
(Xg =X ) Xe +(Ye —¥s) Ve +(2e —25)- 2 = (60)
:(XE_XS)‘XS+(yE_ys)'ys+(ZE_Zs)'zs
(Xe =Xp) Xe +(Ye = Yp) Ve +(2e —2p)- 2 =
:(XE_XD)'XD+(yE_yD)‘yD+(ZE_ZD)'ZD
Cii*Xeg +Cpp Ve +Ci3-Zg =G
o Xe +Cpp- Ve +Cp3- 2 =C,
Ca1-Xg +Cyp- Ve +Cy5- 2 =Gy
Ci=a; Ch=p; Cy=7,;
Co=a-X—(Xe —Xs)-a+f-Ys -
~(Ye—Ys) B+y-2s—(2e = 25) 7
Coi=Xe = Xss  Cpp=VYe—VYsi Cpy=1Zg—Z
Cz=(XE_Xs)'xs+(yE_ys)'ys+(ZE_zs)'zs
C31=Xg =Xp:  Cyu=VYe —V¥Yo: Cy3=Zg —Zp;
C3:(XE_XD)'XD"‘(yE_yD)'YD+(ZE_ZD)'ZD (61)

The main determinant of the system (61) is given by relations (62).
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Cll ClZ ClS
A(C) - C21 CZZ C23 = Cll . (C22 : C33 C23 C32) -
62
c3l c32 C33 ( )
=G (021 €33~ Cyq- C31) +Cy3- (C21 C3, —Cyy 'Csl)
A(C) =a- [(yE - YS)'(ZE - ZD)_(ZE - Zs)'(YE - yD)]_
_ﬂ'[(XE - Xs)'(ZE - ZD)_(ZE - Zs)'(XE - XD)]Jr
+7'[(XE - Xs)'(YE - yD)_(yE - YS)'(XE - XD)]
Determinant first scalar speed is calculated with equation (63).
C, C, Gy
A(xc) =€, Gy Cy=0Cp- (sz C33 = Cy3- Csz) - (63)
C; G5 Gy
=Gy (Cz G35 = Cys Cs) +C3e (Cz "Gy = Cypy Cs)

First scalar velocity Xe is determined by the expression (64).
)‘(E _ A()f)

A(C)

The determinant of the second scalar speed is calculated by equation (65).

(64)

C, G Gy

A(i) =[Co € Cpy=Cyy(CyrCy—Cp3-Cy) = (65)
Cs; G Cg

=€, (Cp17C33=Cp37Cyy) +Cip(Cpy " C3 = C, - Cyy)

The second scalar velocity Ve is determined by the expression (66).

A©)
y
Ve =@ (66)
The determinant of the third scalar speed is calculated with the relation (67).
Cll ClZ Cl
A(zC) = Cp  Cp=Cyy(CpC—C,Cyp) — (67)
C31 C32 C3
— €y, (Cy°C3—C,+Cyy) + €+ (Cpy - C3p —Cyy - Cyy)

The third scalar velocity Ze js determined by the expression (68).
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(c)
A(C)

Ze (68)

For scalar velocities of the last floating point F one starts from the positions system known

(69), which is derived by time and results the system (70).

(Xe =Xs)-a+ (Ve —VYs) B+ (2 —25) ¥ =0

(X =%)? + (Ve — ¥s)? +(ze —25)* =R? (69)
(X =Xp)? + (Ve = ¥p)* + (ze — 25)" =3-R?
(Xg =Xg) o+ (Xg =Xg) -+ (Ve — Ys)- S+
+(Ye = Ys) B+ (2 —25) -y +(2p —2) -7 =0
(70)

2-(Xg = Xg) - (Xg = %) +2- (Ve = Ys) - (Ve — Vs) +
+2-(2e —25) (2 = 25) =0

2'(XF_XD)'(XF_XD)+2'(yF_yD)'(yF_yD)+
+2-(2e = 2p) (2. = 25) =0

The system (70) is arranged in the form (71) which is a linear system of three equations

with three unknowns first degree, whose equations are identified by (72) and whose parameters

are written in the form (73).

a-Xe+tpB-Yety-lp=a-Xs+pf-Ys+y -Ls—
_(XF_XS)’d_(yF_ys)'ﬁ_(ZF_zs)'j}

(Xe =Xg) Xe + (Ve = Ys) Ve +(2e = 25) - 2¢ = (71)
=(Xe =X) Xs + (Ve = ¥s) - Vs +(Ze —25) - Zg

(Xe =Xp) X + (Ve = Yo) Ve +(2¢ —2p) - 2¢ =
=(Xe =Xp) Xp + (Ve = Yo) Vo +(Ze = 2p) - 2

dll'XF"'dlz'YF +d13'ZF :dl
dzl'XF +d22'y|: "’dzs'zF =d2 (72)
dsl'XF +d32'YF+d33'ZF :ds
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dy=a; d,=p; d;=7
d=a-X%+pL-Ys+y 23— (Xg — %) @ —

~(Ve —¥s)- B (2 ~25) 7 (73)
dyy=Xe —Xg;  Op=VYe—VYsi dyy=17 —7;

dy = (X = Xs) - Xs + (Ve = ¥s)- Vs +(2e = 25) - Zs

Aoy =X —Xp1 Oy =V —VYpi Oy3=27p —7p;

d3=(XF_XD)'XD+(yF_yD)'yD+(ZF_ZD)'zD

The four determinants of the system are written in equations (74-77), the primary

determinant being given even by relation (74).

d, d, dg,

AY=ld,; d,, dy=d, (dyy-di;—dyy-d,,) - (74)
d, d,, d

—dy,(dy,-dy—dyy-dyy) +dys - (dyy - dyy —d,y - dyy)

d1 d12 d13
A(xd) = dz dzz d23 = d1 : (dzz : d33 - d23 ’ d32) - (75)
d3 daz d33

d, d d;,
A(;'j) =ldy; d, dy=d;;-(d, dy—d;-d,;) - (76)
d;; d; dj

d, d, d
A(f) = d21 d22 dz = d11 : (dzz : d3 - dz 'dsz) - (77)
d31 dsz d3

- dlz : (d21 : d3 - dz 'd31) + d1 . (d21 . d32 - dzz ' d31)

Gear system scalar solutions are obtained by using the relations (78).

d (d) d
k=B g A LA 79)
A( ) A( ) A( )
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Mobile plan speeds (upper) being determined, one can move to the final stage in which
will be determined linear speeds of the six engines couplers (the translation). Must to write first
relations of positions (79).

1= (% —X) + (Yo —Ya) +(2o—2)
17 = (%= %) + (Yo —V¥s) +(2o—25)
17 =(xe —%g) +(Ye = Vo) +(zc—25)
17 =% %) + (Ve —Ye) +(ze—2c)
12= (% = %) + (Ve = Vo) +(ze —20)

Iez = (XF - XA) + (yF - yA) + (ZF - ZA)
Relations system (79) it is derived by time and one obtains the expressions system (80),

(79)

from that is explained the linear velocities of the motor elements (81).

2"1'|1:2’(XD_XA)‘XD+2‘(yD_YA)'YD+2'(ZD_ZA)'2D
2"2'|2:2'(XD_XB)'XD+2’(YD_yB)‘YD+2‘(ZD_ZB)'2D 80
2"3'|3:2’(XE_XB)’XE+2‘(VE_yB)‘yE+2'(ZE_ZB)‘zE ( )
2"4'|.4:2'(XE_XC)'XE+2'(yE_yC)'YE+2'(ZE_ZC)'2E
2'|5'|.5:2'(XF_XC)'XF+2'(yF_yc)'yF+2.(zF_ZC)'ZF
2"6'6:2’(XF_XA)'XF+2'(YF_yA)'YF"'Z’(ZF_ZA)’ZF
|1=(XD_XA)'XD"'(VD_yA)'yD+(ZD_ZA)'ZD
1y
|2:(XD_XB)'XD+(yD_yB)'yD+(ZD_ZB)'ZD
I,
|3:(XE_XB)'XE+(yE_yB)‘YE+(ZE_ZB)'ZE (81)
l;
|4:(XE_XC)'XE+(yE_yc)'YE+(ZE_Zc)'zE
1,
|5:(XF_Xc)'XF+(yF_yc)'YF+(ZF_Zc)'ZF
Iy
[ :(XF_XA)'XF+(YF_yA)‘yF+(ZF_ZA)'ZF
6 I,
Determining the accelerations
One knows: XS’yS’ZS’a”B’y’ZD.
One starts from the velocities relations (82), aranged in the form (83).
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(Xp =%s) @+ (Xp —Xs)-a+(Yp —Ys) B+
+(yD_ys)',B:(zs —25)y+(z5-25) 7

(XD_XS)‘XD"'(VD_VS)'YD :(XD_XS)‘XS +
+(YD_YS)'ys _(ZD_ZS)'(ZD_ZS)

(82)
(XD_Xs)'(XD_Xs)"'(YD_YS)'(YD_YS):
:_(ZD_ZS)'(ZD_ZS)
a-Xp+tf-Yp=a-Xs—(Xp —Xs)-a+ Vs —
_(YD_ys)'B+(zs —25) 7 +(2s —25) 7
(83)

Expressions (83) are derived by time and one obtains the accelerations system (84) which

can be arranged to the form (85).

G- Xp+a-%o+ B Yo+ B-Vp=a K +ar-K—
_(XD_Xs)'d_(XD_Xs)'d+B'YS+ﬁ'ys_
_(YD_YS)'ﬁ_(yD_ys)'B+(Zs_ZD)'7+

+(2s—25) 7 +(2s —2p) 7 +(2s = 2p) 7 (84)

(XD_Xs)'XD"'(XD_Xs)'XD""(YD_ys)'yD"'
(yD_yS)'yDz(XD_Xs)'XS +(XD_XS)'X5+

+(yD_ys)'ys+(yD_ys)'YS_
_(ZD _Zs)z_(zo _Zs)'(ZD_Zs)

+0(-5(S+,B~ys+(xs—XD)'d"'(ys_yD)'B""
+(zs—ZD)'7+2'(25_ZD)'7+(ZS_ZD)'7

(XD _XS)'X-D +(YD _ys)'yD :_(XD _Xs)z -
_(yD _YS)Z _(ZD _Z.s)2 +(XD _Xs)'xs +
+(yD_ys)'y5 _(ZD _Zs)'(zo _Zs)

a5+ B Yp zz'd'(xs_XD)+2'B'(ys_yD)+

(85)

One can identify the linear system of two equations with two unknowns (86) with

coefficients (87) and solutions (88).

{au'xo+aiz'YD: fl
8y Xp + 8y, Yp = fz
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a,=a; a,=f; 8 =Xp—Xs; 8,=Yp—VYs;

f=2:[a- (% = %)+ B (s ~ Vo) 7 (2 — )| % + B Y + (87)
+}/'(ZS_ZD)+(XS_XD)'d+(yS_yD)'B+(ZS_ZD)'7

fz =_(XD _Xs)z _(YD - ys)2 _(zD _Zs)2 +
+(XD _Xs)'xs +(yD _ys)'ys _(ZD _Zs)'(zn _Zs)

&, &
A = =8, Ay,
A Ay
f, a,
Ay = :fl'azz_fz'aiz
f, a,
a, f
AyDZZ = fz'am_ fl'azl
a f,
AxDz 07 AyDZ
Ko = : =
D A, Yo A,
(88)

The velocities system (89) is derived by time and one obtains the accelerations relations

(90), which are arranged to the form (91).

Cll'XE +ClZ'YE+Cl3'ZE =C

Cor- XE +Cyy- YE +Cp3-2¢ =G, (89)

Csl'XE +Csz'yE+Css'zE =G

C11'XE+C12'YE+C13‘ZE+C11’XE+
+Cpp Ve +Ci3- 2 =G

Cpp Xg +Cpp Y +Cpg 2 +Cp - X + (90)
+Cyy Ve +Cp3- 2 =6,

Cap-Xg +Capv Vg +Cy3-Zg +Cyy - X +

+Cyp- Ve +Cy5- 2 =Gy
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Cll'XE+Clz'yE+C13'ZE =
:Cl_cll'XE _Clz'yE_Cls'zE
Cpp*Xg +Cpp- Ve +Cpg- 2 =

. .. . (91)
=C, =Gy Xg —=Chp - Ye —Cy5- Z¢

Cap*Xg +Cgp - Ve +Ca5- Z¢ =

:Cs_csl'XE _Csz'YE _Cas'ZE

It identifies the coefficients (92) and the linear system (93) consists of three equations of

the first degree each, with three unknowns, which is resolved by the relationships (94).

Ch=a; Cu=a; C,=p, C,=8 Cz=y C3=7,
Copr=Xg =Xs5 Cp=Xe—Xs; Cp=Ye—VYs; Cpn=Ye—VYs;
Cp3 =2Zg — Zs; C23:Z'E—Z'S; C31 = Xg —Xps C31:XE_XD;
C=Ye —Yor Cyu=VYe VYo, Ca3=2Zpg—2Zp; Cy=12p—1p;
Clza'xs_(XE_Xs)'d+IB'yS_(yE_ys)'IB+7'zs_(ZE_Zs)'7}

€ =a-Xs+a-X _(XE_Xs)'d_(XE_xs)'d+ﬁ'ys +B-Vs —

_(yE_ys)'ﬁ_(yE_ys)'/?""?./'zs"'?/'zs _(ZE_Zs)'J}_(ZE_Zs)'j/.
C, =(Xe =X ) Xs +(Ye = Ys) Vs +(Ze —25) - Zg

Cz :(XE_XS)'XS+(XE_XS)'XS +(yE_YS)'YS +(YE_ys)‘YS+
+(2e —25) 25 + (2 —25) - 74

C3:(XE_XD)'XD"‘(YE_yD)‘YD+(ZE_ZD)'ZD
Ca:(XE_XD)'XD"'(XE_XD)'XD"'(S/E_YD)’yD"'(yE_yD)'yD"" (92)

+(2e —2p) 25 +(2e —2p5) - Zp

€ =C —Cy-Xg —Cpp- Ye —Cp3-Z¢
€, =C, —Cy - Xg —Cpy- Ve _C23'ZE

€3 :Cs_csl'XE _Csz'yE _Css'zE
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C11°XE+C12'YE+C13'ZE =€

C21'XE+sz'yE+Cz3'ZE =€,

(93)
Cy1"Xg + Gy Ye + G557 £ =64
Ci Cp G
(c) _ _
AY = Cyp  Cyp Cyg=0Cyy- (sz "C33 = Cy3 Csz) -
Cy; Gy Gy
=Gy (021 *C33 = Cy3 C31) +Cpy- (021 "Gy —Cyy- C31)
€ G, Gy
Awr, =18, Cp Cpl=6- (sz "C33 = Cy3- Csz) -
€; G5 Gy
—Cpp (B Cy3—Cpg-85) +Cr3- (8, Cyy = Cyyp - €5)
Ci €& Gy
AyEz =G € Cyy=0Cyy- (ez *C33—Cy3- e3) -
Cs; € Gy
—€- (021 C33 = Cys- C31) +Cp5- (021 €36 031)
Ci Cp, &
AzEz =G G 6=Cpy (sz €6 'Csz) -
Gy Gy &
=Gy (021 €6 'C31) +€ - (021 "Gy —Cyy- C31)
— A><E2 . U — AyEZ . g AzE2 .
ET @ JET @ BT 00 (94)

In the following write gear system (95) which is derived by time to obtains the
accelerations system (96) which is arranged in the form (97).
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dll'XF"'dlz'YF"'dla'zF :dl

dpy - Xp + gy - Y +dps- 2. =d, (95)

dsl'XF+d32'yF+d33‘ZF :ds

dyy-Xe +dp- Ve +dyy-2p +dy - X +

+d12'yF+d13'ZF =d1

Ao Xp + 05y Y +0ps- 2+ - X +

. . 96
+d22'yF+d23'zF=d2 0)

i X+ Ve + g5 2 +dgy - X +

+dg, - Y +d35- 2 =d;

dyy-Xe +dpp- Ve + - 7 =
=d; —d; X —dp,- Ve —dys- 2¢
Oy Xe +dp,- Y +dps- 7 =

AT N € 1)
=0, =y Xe —dpy- Y —dys- ¢

gy Xe +dg,- Ve +dg- 7 =

:d3_d31'XF _d32‘YF _dss'ZF

The coefficients are determined by relations (98) and the system takes the form (99).
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d,=a; dllzd; dp, = p; dlz:lB; dis=7;

d21:XF — X5, d22=y|= —Yss d23=ZF — Zs;

dyy = Xe — X; d22:yF_yS; dys = 2p — Zg;
d, =(Xe = X)) Xs + (Ve = Ys) Vs +(Z¢ = 2Z5) - Zs;
dz:(xp_Xs)'xs+(xp_xs)'xs+(yp_ys)'ys+
+(Ye = V¥s) Vs +(2p —25)- 25 + (2 — Z5) - Lg;
dyy =X —Xp; U3, =VYe — VYo, Uyu=127p —17p;

=% —Xo; Oy = Ve = Voi  Gag=2e —2p;

dy = (X =Xp) %o + (Ve = ¥p) Vo + (2 — 25) - 2p;
dy = (X = ¥p) %o + (e = Xp) %5 + (Y = V) - Vo +
+(Ye = Yo) Vo + (Ze —2p) - 25 +(2¢ — 2p) - Ip;
9,=d, —d,, % —dp, -y —dy,-2,;
gzzdz_du‘xF_dzz'yp_d23‘zF;
gszds_dsl'XF_d32'yp_ds3'zF

dll'XF+d12‘yF+d13'2F =0,

d21'XF+d22'yF+d23'ZF =0,

d3l'XF+d32'YF+d33'ZF =0,

The system (99) with coefficients (98) is solved with the relations (100).

ENGEVISTA, V. 18, n. 2, p. 455-491, Dezembro 2016.

d13:7;

d=a X +B-Vs+72s— (X =X)- &= (Ve = ¥5)- B~ (2e = 25)-;
d=ad X +a-%+B-Vs+B-Vs+7 2 +y-1s—(Xe — %)t —

_(XF_XS)'d_(yF _YS)'IB_(YF_ys)'lg—(zF_zs)'7}_(zF_Zs)'77;

(99)

(98)
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A(g) — d21 d22 d23 = dll' (d22 -d33—d23 . d32) —

9, dy, d

Ag,=l0, d,, dyl=0,-(d,, dy;—d,y-ds,) -
9; dy dy

=0y, (9, - dg3—dy5gg) +0i5- (g, - dy, —dyy - G5)

dy @ di
Ap, =0y, g, dyl=d;;(9,d53—0y5-05) -
dyy 93 g
—0,-(d,;-dy;—d,,-d,)+dy5-(dy - 95— 9, - dy,)

d, d, g
Ap,=d,, d,, 0,/=d;;-(dy,-9,—0,-0d;,)—
dyy dy O,
—d,-(dy;-9,-0,-d3)+9,-(dy, - dyy —d,, - dyy)

xF2

X =0

; yF:

A0 T (100)

It writes now the linear velocities system (102) obtained by deriving position system
(101). The system (102) derived generates in turn the linear accelerations system (103).
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I12 =(Xp _XA)2 +(Yp _yA)z +(z, _ZA)Z
I22 Z(XD _XB)2 +(yD _YB)2 +(ZD _ZB)2

|32 Z(XE _XB)2 +(yE _yB)2 +(ZE _ZB)2

(101)
If =(XE _Xc:)2 +(yE _yc)2 +(ZE _Zc)2
|52 = (Xe _Xc)2 +(Ye _yc)2 +(z¢ _Zc)2
|62 =(XF _XA)2 +(yF _yA)2 +(ZF _ZA)2
|1 'Illz(XD_XA)'XD+(yD_yA)’YD+(ZD_ZA)'ZD
Iz‘Ilz:(XD_XB)'XD+(YD_YB)'YD+(ZD_ZB)'ZD

(102)

‘|.3:(XE_XB)'XE+(YE_YB)'YE+(ZE_ZB)’ZE

%)

'|.4:(XE_XC)'XE+(yE_yC)'yE+(ZE_ZC)'ZE

~

.I.SZ(XF_XC)'XF+(yF_yC)'yF+(ZF_ZC)'zF

o

.I'GZ(XF_XA)'XF+(yF_yA)'YF+(ZF _ZA)'ZF

o
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|.12+|1 .ii:(XD_XA)'XD+(XD_XA)'XD+(yD_YA)'yD+
+(Yo = Ya) Vo +(2p —24) 25 +(2p —24) - Zp

|.22+|2.i.Z:(XD_XB)‘).(D+(XD_XB)'XD+(yD_yB)'yD+
+(yD_yB)'yD+(ZD_ZB)'ZD+(ZD_ZB)'ZD

|.32+|3 .i;:(XE_XB)'XE+(XE_XB)'X.E+(yE_YB)'YE+
+(YE_yB)'yE+(ZE_ZB)'ZE+(ZE_ZB)'ZE

I’42+|4'i;lz(XE_XC)'XE+(XE_XC)'XE+(yE_YC)'yE+
+(YE_yc)'yE+(2E_2c)'25+(ZE_Zc)'ZE

|'52+|5 ISZ(XF =Xc) X +(Xe =X ) Xe + (Ve — Ve ) Ve + (103)
+(Y|: _yc)'yF +(2F _Zc)'ZF +(ZF _ZC)'ZF

I'62+IG 'i;s:(XF_XA)'XF +(XF _XA)'XF +(y|: _yA)'YF +
+(Y|: _YA)'VF +(2F_2A)'ZF+(ZF_ZA)'ZF

From the system (103) is explicit linear accelerations (104) corresponding to the six feet

mobile that supports and acts the superior mobile platform DEF.
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ii:[().(o_XA)’XD"'(XD_XA)‘XD+(YD_yA)'YD+

+(Yo = Ya) Vo + (2o —24) 25 +(2p = 2,4) Zp _I.lz]/ll

i.Z:[(XD_XB)'XD+(XD_XB)'XD+(yD_YB)'yD+

+(yD_yB)'yD+(2D_Z.B)'Z.D+(ZD_ZB)'.Z.D_I.22]/|2

i.3:[(XE_XB)'XE+(XE_XB)'X.E+(YE_yB)‘YE+

+(yE_yB)'yE+(Z'E_Z.B).Z'E+(ZE_ZB)..Z'E_I.32]/I3

i;lz[(XE_XC)‘XE+(XE_XC)'XE+(YE_yC)'YE+
+(YE_YC)'yE+(ZE_Zc)'ZE"‘(ZE_Zc)'ZE_If]/IA

|5=[(X|: —Xc)'XF +(XF _Xc)’XF +(y|= _yc)'yF+

. N . 104
+(yF_yc)'yF+(ZF_ZC)'ZF+(ZF_ZC)'ZF_I52]/|5 ( )

i;:‘»:[().(F_XA)'XF +(XF_XA)'XF +(yF _yA)'yF+

+(Ye = Ya) Ve +(2e —2,) 2 +(2¢ _ZA)'.Z.F_I.E»Z]/IG

4. Applications

Presented system can be useful in particular to the surgical robots that operate patients

who require an accuracy of positioning very high (see figure 13).

Fig. 13 A surgic:all robot Stewart system

These platforms can position very accurately even very large weights, such as a telescope

modern stationary (see Fig. 14).
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Fig. 14 A modern stationary telescope positioned by a Stewart system

Other applications of the platform Stewart are handling and precise positioning of objects
large and heavy.

Spatial Stewart platforms may conquer outer space in the future (MELO; ALVES;
ROSARIO, 2012).

The latest PC-based digital controllers, facilitated by open-interface architecture
providing a variety of high-level commands, allow choosing any point in space as the pivot point
for the rotation axes by software command (TANG; SUN; SHAO, 2013). Target positions in 6-
space are specified in Cartesian coordinates, and the controller transforms them into the required
motion-vectors for the individual actuator drives. Any position and any orientation can be entered
directly, and the specified target will be reached by a smooth vector motion. The pivot point then
remains fixed relative to the platform (TABAKOVIC et al., 2013).

5. Discussion

In addition to the coordinated output of the six hexapod axes, these new hexapod
controllers provide two additional axes that can be used to operate rotary stages, linear stages or
linear actuators. Some include a macro language for programming and storing command
sequences. These controllers feature flexible interfaces, such as TCP/IP interface for remote,
network and Internet connection.

New simulation tools are being incorporated for graphical configuration and simulation
of hexapods to verify workspace requirements and loads. Such software provides full
functionality for creation, modeling, simulation, rendering and playback of hexapod
configurations to predict and avoid interference with possible obstacles in the workspace.

With the new design developments that hexapod systems are experiencing, manufacturers
and researchers that have a need for extreme high resolutions and high accuracy can now
capitalize on them for improvements within their workplace. Hexapod technology has advanced
considerably in a few short years, now it is up to industry to embrace these new developments
and put them to work to reduce their set-up and processing time, overall production cycle times,
and ultimately reduced cost of operation.
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6. Conclusions

The presented method manages to synthesize (in theory) the best option parameters for
any desired parallel system. Moving mechanical systems parallel structures are solid, fast, and
accurate. Between parallel systems (WANG et al., 2013) it is to be noticed Stewart platforms, as
the oldest systems, fast, solid and precise.

The work outlines a few main elements of Stewart platforms. Begin with the geometry
platform, structure, and continue with kinematic elements of it (inverse kinematic) with positions,
velocities and accelerations.

If a structural motto element consists of two moving elements which translates relative,
drive train and especially dynamic it is more convenient to represent the motto element as a single
moving components. We have thus seven moving parts (the six motto elements or feet to which
is added mobile platform 7) and one fixed.

Proposed method (in this work) may determine kinematic parameters system position
when required the co-ordinates of the endeffector S.

This is clearly a reverse motion (an inverse kinematics) (LIN et al., 2013).
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